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Abstract
After realising qutrit in the form of bipartite system we estimate
from below the entropy gain under the action of the amplitude damp-
ing channel.
1 Introduction
Recently the method of the qubit portrait for qudit states was introduced
[1]. Let us consider a qutrit state
ρ =

 ρ11 ρ12 ρ13ρ21 ρ22 ρ23
ρ31 ρ32 ρ33

 .
Then, one of its possible qubit portrait can be defined as
σ =
(
ρ11 + ρ22 ρ13
ρ31 ρ33
)
.
In particular, this method allows to estimate the von Neumann entropy
S(ρ) = −Trρ log ρ of a qutrit state ρ by means of the entropies of its qubit
portraits [2]. On the other hand, for bipartite systems there is a possibility
to estimate the entropy gain under the action of quantum channels having a
special form [3]. Suppose that a state ρ ∈ S(H⊗K) has the form
ρ =
∑
jk
αjk|ej〉〈ek| ⊗ |hj〉〈hk|, (1)
1
where (ej) is an orthonormal basis in H , (hj) are unit vectors in K and
(αjk) is a positive definite matrix with unit trace. Given a quantum channel
Ω : S(K)→ S(K) it is possible to obtain the estimation from below for the
entropy gain under the action of the channel Id ⊗ Ω on a state of the form
(1) as follows [3]
S((Id⊗ Ω)(ρ))− S(ρ) ≥
∑
j
αjjS(Ω(|hj〉〈hj|). (2)
In the present paper we shall include a qutrit state into the bipartite system
and estimate the entropy gain under the action of the quantum channel being
a tensor product of the amplitude damping channel and the identity channel.
The right hand part of our estimation will consist of the entropy of some qubit
state.
2 Decomposing density matrix into the sum
of tensor products
Consider a density operator for some two-mode state:
ρ =


ρ11 ρ12 ρ13 0
ρ21 ρ22 ρ23 0
ρ31 ρ32 ρ33 0
0 0 0 0

 (3)
The question arises: when ρ can be represented as a sum of the form
ρ =
∑
n,m
αnm|en〉〈em| ⊗ |hn〉〈hm|, (4)
where |en〉 is a orthonormal basis inH, f.e. |e1〉 =
(
1
0
)
, |e2〉 =
(
0
1
)
, |hn〉 are unit
(non collinear in general) vectors K and (αnm) is a positive definite matrix
with unit trace. Vectors |hn〉 are complex but without loss of generality we
consider only the second coordinate to be complex in each of them. We
denote |h1〉 =
(
x
y
)
and |h2〉 =
(
a
b
)
, x2 + |y|2 = a2 + |b|2 = 1. So we have:
ρ =


α11
(
x2 xy
xy |y|2
)
α12
(
ax xb
ay yb
)
α21
(
ax ay
bx by
)
α22
(
a2 ab
ab |b|2
)


2
Comparing with the original expression for ρ we do the obvious conclusion
that b = 0 and a = 1. Further, since (αnm) is a positive definite matrix, then
α11, α22 ∈ R. Consequently, the matrix ρ is of the form
ρ =


α11x
2 α11xy α12x 0
α11xy α11yy α12y 0
α21x α21y α22 0
0 0 0 0


Matrix ρ is Hermitian (ρij = ρji), so α12 = α21 ∈ C. We note that the second
and the third minors of matrix are equal to zero, therefore
ρ11ρ22 = ρ12ρ21 (5)
and ∣∣∣∣∣∣
ρ11 ρ12 ρ13
ρ21 ρ22 ρ23
ρ31 ρ32 ρ33
∣∣∣∣∣∣ = 0
Thus not any density matrix can be decomposed into (4). We got some
conditions on the density matrix ρ which allows us to decompose it into a
sum of tensor products (4).
3 Entropy gain
It is known that if ρ has the form (4), then for any quantum channel Ω :
σ(K) → σ(K) Estimation (2) is valid. Consider the amplitude damping
channel
Ω(ρ) = Ω
(
ρ11 ρ12
ρ21 ρ22
)
=
(
ρ11 + γρ22
√
1− γρ12√
1− γρ21 (1− γ)ρ22
)
Amplitude damping channel describes energy dissipation from a quantum
system such as spontaneous emission of an atom and relaxation of a spin
system at high temperature into the equilibrium state [4]. It is a non-unitary
channel with Kraus operators
A0 =
(
1 0
0
√
1− γ
)
, A1 =
(
0
√
γ
0 0
)
Using (2) we obtain an estimation of the entropy gain for this channel of the
form
−Tr

ρ11 + γρ22
√
1− γρ12 ρ13√
1− γρ21 (1− γ)ρ22
√
1− γρ23
ρ31
√
1− γρ32 ρ33

 ln

ρ11 + γρ22
√
1− γρ12 ρ13√
1− γρ21 (1− γ)ρ22
√
1− γρ23
ρ31
√
1− γρ32 ρ33

+
3
Tr

ρ11 ρ12 ρ13ρ21 ρ22 ρ23
ρ31 ρ32 ρ33

 ln

ρ11 ρ12 ρ13ρ21 ρ22 ρ23
ρ31 ρ32 ρ33

 ≥
−(ρ11 + ρ22)Tr
(
ρ11+γρ22
ρ11+ρ22
√
1−γρ12
ρ11+ρ22√
1−γρ21
ρ11+ρ22
(1−γ)ρ22
ρ11+ρ22
)
ln
(
ρ11+γρ22
ρ11+ρ22
√
1−γρ12
ρ11+ρ22√
1−γρ21
ρ11+ρ22
(1−γ)ρ22
ρ11+ρ22
)
Note that if γ = 0 we get zeros in both the parts of the estimation due to
the state ( ρ11
ρ11+ρ22
ρ12
ρ11+ρ22
ρ21
ρ11+ρ22
ρ22
ρ11+ρ22
)
is pure due to (5).
4 Conclusion
To estimate the entropy gain under the action of quantum channel we have
embedded qutrit into the bipartite system. Then, for the case of amplitude
damping channel we have applied the known result of [3]. The right hand
part of our estimation includes the von Neumann entropy of a qubit state.
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